A bialgebra over a field is a Hopf algebra if and only if all (nonzero) right Hopf modules are free, as modules, on a set of invariants. 0. Introduction. Let A be a Hopf algebra over a field k. The fact that any (nonzero) right A-Hopf module M is free as an /1-module on any linear basis of the invariants of M is of profound importance in the theory of Hopf algebras [S, Theorem 4.1.1]. In this paper we prove a converse-we show that Hopf algebras over k are those bialgebras over k whose (nonzero) right Hopf modules are free as a module on a set of invariants. Thus the converse characterizes Hopf algebras over a field in terms of Hopf modules.
1. Preliminaries. Let C be a coalgebra over a field k, and suppose (M, w) is a finite-dimensional right C-comodule. Let m1,...,ms be a basis for M and let e¡¡ G C for 1 < i,f < s be defined by w(m ■) = 2,m, ® e¡¡ G M CS^ C. Then the equations (1.1) A*i, = 2e,*®e*y. 2. The main theorem. We characterize those bialgebras over a field which are Hopf algebras.
Theorem. Let A be a bialgebra over a field k. Then the following are equivalent: (a) Any (nonzero) right A-Hopf module is free, as a module, and any linear basis of invariants is a module basis.
(b) Any (nonzero) finitely generated right A-Hopf module is free, as a module, and has a module basis consisting of invariants.
(c) Any (nonzero) right A-Hopf module, which is finitely generated and free as an A-module, has a module basis consisting of invariants. Assume the hypothesis of (c), and let C C A be a finite dimensional subcoalgebra. To show that A is a Hopf algebra, by [R, Lemma 2(b)] it suffices to show that the inclusion t: C -> A has an inverse in the convolution algebra Hom^C, ^4), that is there exists a linear map s: C -> A satisfying S*l(c) = 2i(c(l))C(2) = e(c)f = _^cms(c(2)) = i* s(c) for c 6 C, Regard M = C as a right /1-comodule, and choose a linear basis ml,...,ms for M satisfying e(m,) = 5,, for 1 < i <í. Let e,-• G ¿4 be defined by Am, = 2,w, ® e¡j.
Observe that e¡j G Cu since M is in fact a coalgebra, and that m¡ = 2,e(m,)e,7 = e,; for 1 <j < 5. By the lemma {e,,) G Aí^/l) has an inverse (a,,). Define a linear map s: C -> y4 by s(e]J) = fljy for 1 «Sy =s i. Then the computation * * *(«i/) = 2öiyfy = 8i.1 = e(*ii)l ./
shows that í * i = tj ° e, or equivalently (j(e,-■)) G M^/l) is a left inverse of (e,,). Hence (i(e,7)) = (a,,), so (s(e(. •)) is a right inverse of (e,,), or equivalently t * s = tj o £. Q.E.D. 
